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Abstract 

We show, using basic Morita equivalences between block algebras of 
finite groups, that the Conjecture of H. Sasaki from is true for a new 
class of blocks called nilpotent covered blocks. When this Conjecture is 
true we define some transfer maps between cohomology of block algebras 
and we analyze them through transfer maps between Hochschild cohomol¬ 
ogy algebras. 


1 Introduction 

Let G be a finite group and let k be an algebraically closed field of prime 
characteristic p > 0 dividing the order of G. Let kGb be a block algebra where 
b is the primitive idempotent in the center of kG, b C Z(kG), with defect group 
P. Let Uy be a defect pointed group of G{{,}, {P,ep) be a maximal 6-Brauer 
pair associated to P~, and let z S 7 be a source idempotent. For any subgroup R 
of P there is a unique block ep of Gg{R) such that ^VR{i)eR f 0. Then {R, ep) 
is a 6-Brauer pair and ep is also the unique block of Cg{R) such that [R, ep) < 
[P,ep). We define P(^p^f,p){G,b) as the category which has as objects the set of 
subgroups of P] for any two subgroups R, S of P the set of morphisms from R 
to S in P(^p f,pfG,b) is the set of (necessarily injective) group homomorphisms 
(f : R ^ S for which there is an element x G G satisfying (p{u) = xux~^ 
for all u £ R and satisfying ^{R,ep) < {S,es). The category P(^p^ep){G,b) is 
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equivalent to the Brauer category of b with respect to the choice of {P,ep) and is 
a saturated fusion system. More than fifteen years ago M. Linckelmann defines 
in [3] the cohomology algebra of the block b, denoted H*(G, b, P^) which can also 
be viewed now as the cohomology algebra of a fusion system 6)), 

see [T] for cohomology of fusion systems. The P-interior algebra ikGi is called 
the source algebra of kGb. As kP — fcP-bimodule ikGi is a direct summand of 
kG, hence there is Yc,b,p^ Q [P\G/P] such that 

^kG^ - 0 k[PgP], 

g&yG,b,p^ 

as kP — fcP-bimodules, where [P\G/P] is a system of representatives of double 
cosets of P in G. The set Yc,b,p^ has the property that contains a system of 
representatives [Nc{Pj)/PG g{P)] for any block b. 

In H. Sasaki defines a linear map as follows 

tYa.b.P, ■■ H*(P, k) ^ H*(P, k); [C] ^ ^ tr^n.preSp^.pnC], 

g&G,b,P^ 


and he proposes the following conjecture. 

Conjecture. With the above notations it follows that 

B*{GAP^) =tYa,b.P^^*{PM- 

For shortness we also use the notation 

^yG,b,p-y ~ ^ 

g&G,b,P^ 

where for g € YG,b,Py the graded linear map tg is defined by 

tg : H*(P, k) ^ H*(P, k), [C] tr^n.preSp^.p"[C]- 

Since we will we work with more than one block algebra we are forced to use 
a little cumbersome notation for Iyc b p opposed to the original one from 
[^. Broto et al. [1] show that for any saturated fusion system on P there is a 
P — P-biset that induces a linear map analogous to ^ whose image is the 
cohomology of the saturated fusion system; such a biset is called characteristic 
biset. For the convenience of the reader we begin with a well-known remark 
giving a class of blocks for which the above Conjecture is true. The arguments 
for the proof of this remark are the same with the arguments from [SI Example 
2]. For completeness we point out that we denote by Pp{NG{P-y)) the fusion 
system on P in NGiP-y) (not necessarily saturated) with objects the subgroups 
of P and morphisms given by conjugation in NG{P-y)', we use = gRg~^ where 
P is a subgroup of P and g € G. 

Remark 1.1. With the above notations we assume that b is a block for which 
the inertial group NGiP-y) controls the fusion of b-Brauer pairs, J-'(p ep)(G, 6) C 


2 


J^piNciPj))- Then the above Conjecture is true. In particular, we have the 
following list of blocks for which the inertial group controls the fusion ofb-Brauer 
pairs: 

• P is normal in G; this is Example 1]. 

• P is abelian; this is B Example 2]. 

• P is a p-group such that the hyperfocal subgroup of Pj is a subgroup in 
the center of P (in particular this happens when P is abelian); this follows 
from the proof of 1121 Theorem l,(ii)]. Recall that by B PV subgroup 
{[U,OP{NG(U,eu))] \ U < P) is called the hyperfocal subgroup of Pj, 
where Op{Ng{U, eu)) is the unigue smallest normal subgroup of Ng{U, ejj) 
of p-power index. 

In the main theorem of this article we will show how basic Morita equivalent 
blocks give new information regarding the image of the above linear map in 
the Conjecture, if a condition is satisfied. This theorem provides a method for 
proving Sasaki’s Conjecture for the so-called nilpotent covered blocks. Let b 
be a block with the above notations and let H he a different finite group. Let 
c be a block of kH with defect pointed group Qs. The similar notations and 
definitions are considered for c: a source idempotent is j G S, the interior Q- 
algebra jkHj is the source algebra, the Brauer category is c), the 

cohomology algebra is H*(iL, c, Qi), etc. Let M be a kG — fcTL-bimodule such 
that bMc = M and M is indecomposable considered as k\Gx 7L°^’]-module. We 
take P' < G X H to he the vertex of M and TV is a fcP'-indecomposable source 
of M. We say that M defines a basic Morita equivalence between b and c if M 
gives a Morita equivalence such that the equivalent conditions of [SI Corollary 
7.4] are satisfied. For example this happens if p does not divides the fc-dimension 
of TV or if S' = Endfe(iV) is a Dade P'-algebra. 

Theorem 1.2. Let b,c be two blocks with the above notations. We assume that 
b is basic Morita equivalent to c. IfYn^c.Qs = [Nh{Qs)IQCh{Q)] then 

A block c with normal defect group in H satisfies the condition 
Yh.c.Qs = [NHiQs)/QGHiQ)] 

from Theorem ll.2l In particular the same arguments as for the proof of Remark 
o assure us that for these blocks the Conjecture of Sasaki is true. We say that 
6 is a nilpotent covered block if there is G a finite group such that G is a normal 
subgroup of G and there is 6 a nilpotent block of kG which covers b. We know 
that ep is lifted to a block ep of the inertial group with the same defect P 
and III Corrollary 4.3] assure us that a nilpotent covered block is basic Morita 
equivalent to ep as block of NaiP-y) which has the same defect pointed group 
Py. Since b is basic Morita equivalent to ep we know from [5] that P;p^ep){G,b) 
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is isomorphic to T(^p^ep){NG{P-y), sp) as finite categories hence by Theorem 1 1.2 1 
we obtain 

Since the last isomorphism is an isomorphism of graded vector spaces of finite 
type we obtain the next corollary. 

Corollary 1.3. For any nilpotent covered block the Conjecture of Sasaki is true. 

It might be possible to obtain a shorter proof for the above corollary since 
basic Morita equivalence preserves the Brauer categories and one of the blocks 
has normal defect group but we prefer the use of Theorem 11.21 to emphasize 
a new method. Section [2] is devoted for the proof of this theorem. The aim 
of Section [3] is to fill a gap in the literature, since for experts the fact that 
Hochschild cohomology of group algebras is a Mackey functor is known. So it is 
worth spending some time to analyze and to give an explicit approach for the 
maps defining the Mackey functor in Section |31 using bar resolution. The only 
new result is ProDOsition l3. 91 which is used in the proof of Theorem 1 1.51 theorem 
which will be exposed below. We propose an approach for defining some transfer 
maps between cohomology of block algebras, maps which we define below. For 
this definition we need the existence of the map tvc p • In Section U] we will 
study these maps. Let b, c be blocks of kC, respectively kF[ with defect groups 
P respectively Q such that Q < P and H < G. We take P^, respectively Qs 
as defect pointed groups and we denote by (Q,/q) a maximal (iJ, c)-Brauer 
pair associated to Qs- Again j € (5 is a source idempotent for c, the fusion 
system associated to c is P(^qj^){F[,c) and jkHj is the source algebra. So, if 
the Conjecture is true for b we can complete the following commutative diagram 

il*iH,c,Qs) .-.^H*(G,6,P.,) . 

p. 

*VG,6,P.y 

E*{Q,k) --^H*(P,fc) 

Definition 1.4. With the above notations we assume that the Conjecture is 
true for b. We define the graded k-linear map 

tr^H*(i^,c,Q,) ^H*(G,6,P^); [C]^tr^([C])=ivG,.,P,K([C]))- 

Explicitly trlilQ) = Y.g&c,i,.p., trpn 9 preSppgp®(trQ([^])). We call a transfer 
map in cohomology of block algebras. 

Some ideas for defining these transfer maps are suggested in [5]. For defining 
a restriction map between cohomology of block algebras, we need to assume that 
P(^qjqj{H,c) is a subsystem of P(^p^ep^{G,b). In Section [Hand in the rest of 
this Introduction we work with blocks satisfying this condition. This inclusion 
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and resg induce a well-defined restriction map between cohomology algebras of 
blocks, denoted 

res^ : H*(G, 6, P^) ^ c, Qs); [C] ^ res^([C]) = res^iK])- 

In order that the definition of the transfer map tr^ to be reasonable we need 
that good properties such as Frobenius reciprocity and transitivity law 

tr^, O tYH,c,P^ ^YG,b,P^ 

to hold. We prove Frobenius reciprocity in Proposition 14.11 but the law of 
transitivity is proved in Proposition 14.21 for b and c blocks such that 

Ker tYH,c,p^ — Ksi' ^YG,b,p~i ■ 

In the next theorem, which will be proved in Section 31 we try to understand 
transfer maps in block cohomology via transfer maps between Hochschild coho¬ 
mology of block algebras, which are in Brauer correspondence; therefore from 
now we take Q = P. For the rest of Section3]and of this Introduction let H he a 
subgroup of G containing PCg{P) where P is the common defect group of b and 
c, where c is the Brauer correspondent of b. We choose j G 7 and j £ S such that 
the source modules A = kGi, B = kHj are in Green correspondence with respect 
to {GxP°P, AP, HxP°P). We denote by L = L{kGb, kHc) the Green correspon¬ 
dent of kHc, viewed as an indecomposable kH — fciJ-bimodule with respect to 
(G X H°'P, AP, H X H°P). In [4] Linckelmann defines the subalgebra of stable el¬ 
ements in the Hochschild cohomology algebra of a symmetric algebra and trans¬ 
fer maps between Hochschild cohomology of symmetric algebras. For example, 
since ikGi is a kP — fcP-bimodule, projective as left and right module, there is 
a transfer map associated to ikGi denoted tikOi '■ HH*(fcP) —>■ HH*(fcP). We 
denote by T the transfer tika restricted to HH^, (fcP) n 5p(H*(P, k)) (which is 
isomorphic to H*(iJ, c, Pg) by [9l Theorem 1]). Recall that HH^, {kP) is the sub¬ 
algebra of P*-stable elements; that is [^] € HH^. (^^’) if there is [0] G HH*(kHc) 
such that [C]< 8 ifep[IdB*] = [Idp.] Ofepc [fi*] in ExtkPg,^(kHc)‘’p (S*, S*), see [HI Def¬ 
inition 2 ]. 

Theorem 1.5. With the above conditions we assume that P(^pjp'^{H,c) C 
^{p,ep){G, b). If we assume that the Conjecture is true for b then the following 
diagram of graded k-linear maps is commutative 

U*{H, c, Pg) UElJkHc) . 

tr^ Rl 

H*(G, b,P.y) - > milikHc) 

The homomorphisms of graded fc-algebras Ra,Rb and Rp are obtained by 
restricting the normalized transfer maps Ta,Tb and Tp, respectively, to some 
subalgebras of stable elements, see [H Theorem 3.6]. For basic facts in block 
theory we refer to El and for properties and notations regarding transfer maps 
in Hochschild cohomology we refer to [4] and [9] . 
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2 Proof of Theorem 11.2 


We denote by C 


D the fact that C is isomorphic to a direct summand of D, 


where C, D are some fcG-modules. 


Proof. Since b is basic Morita equivalent to c, by [5J Corollary 7.4] we can 
identify P = Q, hence P^ < is a defect pointed group with i S 7 and 
P 5 < is a defect pointed group with j G By [S] Theorem 6.9] we know 
that we can construct two embeddings of P-interior algebras 


ikGi —)■ S ® jkHj 


and 


In particular we obtain 


jkHj S'°P O ikGi. 


ikGi 


S C) jkP[j 


( 1 ) 


as k[Px P°P]-module. Let x £ then k[PxP] is an indecomposable direct 

summand of ikGi as k[P x P°P]-module, hence by (P) we get that 


k[PxP] 


0 {S®k[PyP]) 


as k[P X P°P]-module. It follows that there is y G Yh.c.Ps such that 


k[PxP] 


S 0 k[PyP] 


as k[P X P°P]-module. It is known that k[PyP] is a trivial source module of 
vertex ^p n P) which satisfies 


k[PyP] 


Ind 


PxP°P 

(ya) A{v~^ PnP) 


k; 


the similar statements are true for A:[Pa;P]. It follows that 


fc[Pa;P] 


S 0 Ind 


PxP°p 

(H.i)A(»“^pnP) 


k 


as k[P X P°P] and since we have the k[P x P°P]-modules isomorphism 

iS)) 


S '0 Indf']f°'! ^.(Resf^'^“‘’ 

(yy^)A(y ^ PnP) (yA)A(y •^pnp^'^ (: 


)A(!'“^PnP)'" 1)A(»“^ POP) POP) 

we get that fc[Pa;P] is ^p pi P)-projective. But its vertex is 

'pnp) 
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so we obtain that there is (a, b) G P x P°p such that 

p n P) < 

It follows that for any s G ^ PCiP there is a unique elements t G ^ Pf\P 
such that 

^s = ‘^yt, s-^ = {b ■ t ■ 

where b-t ■ b~^ = b~^tb in P°p, thus 

We obtain for any s G “ ^P r\ P, hence there is c G Ca{P H ^P) such 

that 

ayb = cx. (2) 

Let ta;([C]) G for some [C] G H*(P, A:). Then we have 

^^^([C]) = tr|^n-preSp^-p''[C] 

= trpn-p''(reSpn-p''[C]) 


= tr 


“P CX 


ppxpiCOppxp 


[C]) 

= tr|^nxpreSpnfp“^^[C]) 


— tlpp|xp 

^p ( yp 

1 (Pnx p) 1 (Pn» p) 

= |P:“-^(Pn"P)|t,{[C]) 




(•.■cGCG(Pn"P)) 

(■■■ ©) 

(•.■ b G P) 

(■.• a G P) 

{■.■yGNniPs)) 


Since P = “ (P fl “P) if and only if x G NciP-y) we obtain that 

UlC]) = iy([C]) 

for some y which depends on x if x G Nc{Pj) and ta;([C]) is 0 if x ^ NciP-y)- It 
follows that for any [ry] G Imfy^ ^ there is [C] G H*(P, A:) such that 

W= E \P--‘^~\Pn^P)\ty{K])= E ^-([C]) 

ooeYG,b,P^ xelNciPA/PCaiP)] 


“ ^^PCg(P) 


which is what we need. 


□ 


3 Hochschild cohomology of group algebras as 
Mackey functor 

In this section we use transfer maps between Hochschild cohomology algebras 
of symmetric algebras, defined originally in [1], to give a structure of Mackey 
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functor for Hochschild cohomology of group algebras. We will work in this 
section under the general assumption that fc is a commutative ring. Let H he a, 
subgroup of G and let g € G. For shortness we denote by nkGc the kH — kG- 
bimodule structure on kG given by multiplication in G, with its fc-dual ckGu- 
Also we consider gHk[gH]H to be the (fcpTJ] — fciL)-bimodule given by 

ghig~^{gh)h2 = ghihh2, 

for any hi,h 2 ,h £ H. The following notations are used 
G G 

1'H=tHkGG^ Cg,H =tgjjk[gH]H: 

hence we have the following graded /c-linear maps 

rg : HH*(fcG) ^ HH*(fciL); 

Cg,H ■■ HH*(/ciL) ^ HH*(fcpiJ]); 

which can be viewed as: restriction, transfer and conjugation maps. The next 
well-known lemma is straightforward. 

Lemma 3.1. Let K,H < G and g G G. Then 

kK ®k[Kr\<iH] k[gH] = k[KgH] 

as {kK — kH)-bimodules. 

In the next proposition we verify that the next quadruple is a Mackey func¬ 
tor, see m §53]: 

(HH*(fciL), rg, tg, Cg^H)H<G,geG- 

Proposition 3.2. Let K < H < G and g,h € G. The following statements are 
true. 

i ) r^ o r^ — r^ t^ o t^ — t^ ■ 

V ' K ° ' H — ' ’'H — ''iCi 

a) = t^ = idHH*(fcff); 

ni) Cgh,H = CghH O Ch,H\ 

iv) Ch,H = IdHH*(feff) if H; 

v) Cg^K o r-f = Tgf o Cg^H and Cg^n oIr = ° Cs,ic; 

vi) rgotg = J2ge[K\G/H] where [K\G/H] is a system 

of representatives of double cosets KgH with g G G. 
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Proof. Statements ii) and iv) are an easy exercise if we use [31 Proposition 2.7 
(4)]. The second part of statements (i) and (v) are analogous to the first part and 
are left as an exercise. The rest of the proof is a consequence of [31 Proposition 
2.7 (1)] and some bimodule isomorphisms. For statement(i) we have 

H G G 

= ^KkHH ° ^HkGc = ^Kkn^kHkCc = K■ 

For statement iii) we have 

Cgh,H = tghHk[ghH]H^ 

C-ghH^Ch.H ~ ^ gh ijkigp H)]h u °^hHk[hH]H ~ ^ gh uk[gp H)]®^^h H]k[hH]H ^ 

Since 

k[g(^H)] k[hH] = k[ghH\, ghxh~^ ghxy, 

for any x,y € H, is an isomorphism of {k[^^H] — /ciJ)-bimodules, we obtain 
statement iii). Statement v) is similar to statement iii) and is left for the reader. 
For statement vi) we have 

° = ^KkCc ° ^GkCn 


^KnuH °'^KnuH ° ^g,H — 
g&[K\G/H] g&[K\G/H\ 

= E 

gG[K\G/H] 

=^KkGuI 

where the second equality holds by Lemma 13.11 and the last equality is given by 
m Proposition 2.11]. □ 

Remark 3.3. The above proposition is generalized in from group algebras to 
some fully group-graded algebras which are symmetric k-algebras and satisfies 
a condition which states that all fully group-graded subalgebras with respect to 
subgroups must be parabolic subalgebras. 

In [31 Proposition 2.5] the authors give explicit definitions for transfer maps 
between Hochschild cohomology algebras of symmetric algebras in terms of chain 
maps using the bar resolution. It is worth spending some time in giving these 
technical definitions for the above maps. For each of the following map we find a 
suitable set of generators and some maps (denoted in [3]) as in [31 Proposition 
2.5], but we omit these details which are left for the reader. Let n > 0 be an 
integer and denote by Bar*(fcG) the bar resolution of kG as (fcG)®-module. Then 
{C*{kG),d) is the Hochschild cochain complex where 

G"(fcG) = Hom(feG)<=(Bar„(fcG),fcG) ^5^Homfe((fcG)®’",/cG), 


— l-KkGH 1 

t KkK0^lKns H]k[^ H]0k[g H]k[gH]H 
tKk[KgH]H 
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and d are differentials induced by the bar resolution. It is well known that 


Remember that kG,kH,k[^H] are symmetric fc-algebras and we denote by 
so,SH,sgH their symmetrizing forms. 

3.4. Restriction map: 

rg : HH*(fcG) ^ mi*{kH), [/] ^ rg([/]) = [rg(/)], 

where 

® ^ SG{h~'^f{hi (g)... (g) K))h, 

hGH 

ioT hi,hn € H and / € C"{kG). 

3.5. Conjugation map: 


Cg,H : HH*(fci?) ^ HH*(fcp7J]), [/] ^ CgMif]) = Knif)], 

where 

Cg,H{f)i^hi (g)... (g)9 li„) = ^ SH{h~^f{hi (g ... (g hn))ghg~^ 

h&H 


= 9f{hi (g ... g hn)g g 
for hi,... ,hn € H and / € C^{kH). 

3.6. Transfer map: 

Let {xi}i<i<i be a system of representatives of left cosets of H in G. Let 
(fi : kG kH be the right fciL-module homomorphisms defined by ipi^g) = h ii 
g = Xih S XiH, and (pi{g) = 0 if g ^ XiH, where Xi such that 1 <i <1. 

t% : HH*(fciL) ^ HH*(fcG), [/] ^ tg([/]) = [tg(/)], 

where 

^ff(/)(ffi ® ■ ®5n) = XiJ{}pG9\^ia)® ■■■®TiA9nxG)x~^, 

1<20 ,2l,.. .,in 

for gi,...,gn € G and / G C"‘{kH). 

In [3] Linckelmann gives the diagonal induction 5g '■ H*(G, fc) —HH*(fcG) 
as an injective graded fc-algebra homomorphisms in language of chain homotopy 
maps. We prefer to use the bar resolution for group cohomology. Recall that 
H"(G,fc) =H"(G*(G,fc),a*) where 

G"(G, fc) = {/ I / : G" —>■ fc is a set map}, 
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and 9" : (7"(G, k) —>• G”+^(G, k) is defined for any 51 ,, gn+i G G by 


n 

9lf{92, ■■■, 9n+i) + ^(-l)V(ffi, ■ • ■, 9z9t+i, • ■ •, 9n+i) + (-1)”^ V(5l, ■ • ■, 9n)- 

i=l 

3.7. Diagonal induction: 


6g : H*(G,fc) ^ HH*(fcG), [/] ^ fc([/]) = [Saif)], 

where 


5g(/) G G”(fcG), SG{f){9l 0 . . . ® 5n) = /(ffl, ■ • ■ , • ffn, 

for / G C^{G, k) and 51 ,..., G G. Notice that can be obtained in these 
terms as 5g = 0 .* ° where 0^^ : H*(G, k) —>• H*(G, kG) is defined in [TUI 
p.l38] and a* : H*(G, fcG) —HH*(fcG) is the isomorphism obtained from 

a* : G*{G,kG) ^G*{kG,kG) 

(by abuse of notation) given by 

/ a"(/), a"-(/)(5i (8>... (g)g„) = /(gi,.. ■ ■■■9n, 

for / G G'^iG, kG) and «”(/) G G’^(fcG, kG). 

By [TUI Proposition 25.1] the conjugation map in cohomology of groups can 
be defined with bar resolution explicitly. 

3.8. Conjugation map for group cohomology: 


: R*iH, k) ^ k), [/] [/] = [V], 

where 

V G k), ® /in) = 5/(/il, . . . , /in) = /(/il, . . . , /in), 

for / G C^{H, k) and hi,..., G hf. 

Proposition 3.9. FFh/i f/ie above notations the following diagram is commu¬ 
tative 


H*(ih,fc) - 
Sh 

UE*{kH) 


Cg.H 


^H*(9iJ,fc) . 

SgH 

■ mi*{k[SH]) 
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Proof. Let / G C‘^{H, k),^ hi,hn G ^H. The following hold 


Cg.ff (di/(/))(®hi (g)... (g) ®/i„) = g6HU){f^i ® ® f'. l 3.51) 

= gf{hi,...,h„)hi...hng~^ f'. l 3.71) 

= f{hi,...,hn) ®(/ii ...hn); 

S.Hi^fK^^hi ® ... g) s/i„) = (9/)(®/ii,... /i„) (-.[331 

= (g/(/ii,...,h„)) (-.[HI) 

= fihi,...,hn) 

□ 


Remark 3.10. T/ie above proposition is an analogue of Propositions 4-h, 
4 . 7 ] for conjugation map in group cohomology. Alternative proofs for ^ Propo¬ 
sitions 4-6, 4-7] can he given using the explicit descriptions from \S.f\ Iff. 61 and 
Although the elegant way to define the above transfer maps are given in m 
it is our strong belief that the explicit approach given in this section could prove 
to be useful in further applications. 

4 Transfer maps between cohomology algebras 
of block algebras of finite groups 

First we give the reciprocity laws in the following proposition. 

Proposition 4.1. Let b,c be blocks as above such that the Conjecture is true 
for b. Let [C] G H*(G, b, Pj), [r] G H*(iL, c, Qs). The following statements hold. 

(^) tr^(res^([C])[r]) = [C]tr^([T]); 

(ii) tr^([T]res^([C])) = tr^([T])[C]. 

Proof. Since (ii) is analogue to (i) we only prove (i). 

ti'c(res^([C])M) = trpn9p(reSp^9p9(trg(res^([C])[r]))) 

g&Ya.b 

= trpn9p(reSpn9P®([C]trQ([T])) 

g&Yc.b 

= ^ lrpp|gp(reSpngp(®[C])reSpngp(®trQ([r]))) 

g&G.b 

= trpnsp(reSpnsp([C])reSp^gp(3trg([r]))) 

g^Yc.b 

= [C]trpn«p(reSpn9p(®tr^(H))) 

g^Yc.b 

= [C]tr^(M), 

where the fourth equality is true since [C] G H*(G, b, P^). □ 
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From Proposition 14.II we obtain the transitivity laws when a supplementary 
condition is satisfied. 

Proposition 4.2. We keep the above assumptions. 

(a) If Q < P then tr^ o res^ = 0; 

(b) If Q = P then res^ is the inclusion map and tr^(res^([C])) = 

for any [C] € H*(G, &, Py). Moreover in this case if the Conjecture is 
also true for c and Ker tYH,c,Pg ^ Ker tyc.b.p.^ ^^6 following diagram is 
commutative 


W[H,c,Ps) --^H*(G,6,Py) . 



Proof. Let [1] be the unity of H*{G,b, Pj) and }i*{H,c,Qs). It is clear from 
Definition O that 

trc{[l]) = t''Pn9preSpn9P®(ti-Q([l])) 

9^^G,b,P-y 

is equal to 0 if Q < P or it is equal to 

i: |P:Pn.p|[ll = ib;^|l|, 

geYc.b.Py ' ' 

it Q = P. Then, by Proposition 14.11 (ii) we have 

tr^(res^([C]))=tr^([l])[C] 

which is equal to 0 if Q < P or it is equal to if Q = p. 

Since the Conjecture holds for both b and c the next two short exact se¬ 
quences split as sequences of H*(G, b, P.y)-modules, respectively of H*(iL, c, Ps)- 
modules; see O Remark 1] 

0 -^ KeYtYa,b.P,^ -- H*(P, k) -h*(G, 6 , P^) -- 0 , 

0-^ Kertryy „ C-^ H* (P, k) -H* {H, c, Ps) -^ 0 , 

hence 

H*(P, k) = Ker 0 H*(iL, c, Ps) = Ker tya.b.P, 0 H*(G, b, P,) 
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as graded /c-vector spaces. Now we take 

[C] = [Cl] + [C 2 ] e Ker 0H*(i?,c,Pi) 

and we obtain 

^^citYH.c.P, ([Cl] + [C 2 ])) = tr[;([C 2 ]) = tYa.t,P^ ([C 2 ])- 
Since Ker tYn.c.p^ — ^YG,b,p^ 

tYG,b,p^ ([Cl] + [C 2 ]) = tYG,b.p^ ([C 2 ])- 

□ 

Remark 4.3. From Proposition 4-^ (ii) we can notice the fact that the name 
’’transfer map” in Definition \1.4 is more suitable for blocks b^c for which the 
Conjecture of Sasaki is true and for which we have Kerty^ ^ C Kerty^ ^ p^ . 

We end with the proof of Theorem ll.51 

Proof of Theorem 11.51 First we prove the commutativity of the next dia¬ 
gram 

Il*{H,c,Ps) --^HH* 

H* (G, b, Py)-^ HH* 

Let [(^] S H*(iL, c, Pi). The following equalities hold 

(<^P oti'c)([C]) = ('^P°tr|(ngp)(reSp^3p(9[C]) 

g£YG,b,p^ 

= (^pfePpnsp oreSp^9p)(9[C]) 

g&G,b,P^ 

= y] (^pfcPpnap °^Pnf<pfe[»P]9P °'^P)(®[C]) 

g&Ya.b.p-y 

= y] ^pfcP®fc[Pnspife[sP]sp(®!?.P(^P([C]))) 

9^'^G,b,P-y 

^ V ^pkP0k[Pr\9 P]k[9 P]0k^gp^k[gP]p{^p{[C])) 

9^'^G,b,P-y 

= y] ^pfe[PgP]p(^p([C])) 

g&Ya.b.p-y 

= {tikGi o ^p)([C])i 

where the fourth and sixth equality follow from ProDOsition l3.9l and Lemma l3.ll 
the other equalities are straightforward applications of properties of transfer 
maps from [4]. Since by [9l Theorem 1] 

Sp : H*(P,c,Pi) -!> HHp.(fcP) n(5p(H*(P,fc)) 


(fcP) . 

iikGi 

(kP). 
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is an isomorphism and 


- ^iP,ep){G,b), 

the above diagram and [HI Theorem 2] assure us that 

Consequently, the above diagram gives us 

R*(H,c,Ps) . 

H*(G, b, P,} - 

Furthermore, we glue this diagram with the commutative diagrams from the 
center of [HI Theorem 4, (6)] 


HH^. 


^kHcL*<S>kGbA 


{kPY 


Rb 


RRl^kHc) n RRsikHc) 


■RRl,(kHc) 


Rl 


Rl 


-- RRUkGh) 

to obtain the conclusion. 


References 

[1] C. Broto, R. Levi and B. Oliver, The homotopy theory of fusion systems, 
J. Amer. Math. Soc. 16 (2003), 779-856. 

[2] T. Cocone^ and C.-C. Todea, Hochschild cohomology of fully group-graded 
algebras as Mackey functor. Annals of Tiberiu Popovici Seminar 12 (2014), 
17-22. 

[3] S. Konig, Y. Liu and G. Zhou, Transfer maps in Hochschild (co)homology 
and applications to stable and derived invariants and to the Auslander- 
Reiten conjecture, Trans. Amer. Math. Soc. 364 (2012), 195-232. 

[4] M. Linckelmann, Transfer in Hochschild cohomology of blocks of finite 
groups, Alg. Represent. Theory 2 (1999), 107-135. 

[5] L. Puig, On the Local Structure of Morita and Rickard Equivalences be¬ 
tween Brauer Blocks, Progress in Mathematics (Boston, Mass.), Vol. 178, 
Birkhauser, Basel, 1999. 

[6] L. Puig, The hyperfocal subalgebra of a block. Invent. Math. 141 (2000), 
365-397. 


15 
















[7] L. Puig, Nilpotent extensions of blocks, Math. Zeitschrift. 269 (2011), 115- 
136. 

[8] H. Sasaki, Stable elements in cohomology algebia.s, Cohomology Theory 
of Finite Groups and Related Topics, http://hdl.handle.net/2433/141327, 
1679 (2010), 1-6. 

[9] H. Sasaki, Cohomology of block ideals of finite group algebras and stable 
elements, Alg. Repres. Theory 16 (2013), 1039-1049. 

[10] S. Siegel and S. Witherspoon, The Hochschild chomology ring of the group 
algebra, Proc. London Math. Soc. 79 (1999), 131-157. 

[11] J. Thevenaz, G-Algebras and Modular Representation Theory, Clarendon 
Press, Oxford, 1995. 

[12] A. Watanabe, On blocks of finite groups with central hyperfocal subgroups, 
J. Algebra 368 (2012), 358-375. 

[13] E. Weiss, Cohomology of groups. Academic Press, New York , 1969. 


16 


